Let s be a cubic spline, with equally spaced knots on [a,b], interpolating a given function y at the knots. The parameters which determine s are used to construct a piecewise defined polynomial P of degree four. It is shown that P can be used to give better orders of approximation to y and its derivatives than those obtained from s. It is also shown that the known superconvergence properties of the derivatives of s, at specific points [a,b], are all special cases of the main result contained in the present paper. 
are used, these being direct consequences of the continuity constrains on s. Since either of (1.4) or (1.5) provide only k-1 linear equations, it follows that the interpolation conditions (1.2) are not sufficient to determine s uniquely. Two additional linearly independent conditions are always needed for this purpose. These are usually taken to be end conditions, i.e. conditions imposed on s, s (1) or s (2) near the two endpoints a and b.
As might be expected the choice of end conditions plays a critical role on the quality of the spline approximation. The class of end conditions for which (1.7) holds includes the conditions
, (1.10)
, 
where
where ξ i . is some point in [x i-1 , x i+1 ] ; see e.g. Ralston We point out that the error bounds given by (2.4) and (2.6), for r = 1,2,3,4, are by no means optimal. Sharper values for the K r (2.6).
can be found by use of Peano's theorem. However,since our purpose is to establish asymptotic orders of convergence, we prefer the simplicity of Taylor's theorem.
Let s be an interpolatory cubic spline which agrees with a function y at the equally spaced knots (1.1), and denote by p. the quartic polynomials
where m. = s (1) (x i ) and θ i ,n i ,v i , φ i and ψ i are given by (2.2).
Definition 1. The piecewise defined polynomial
where the p. are given by (2.7), will be called the piecewise Hermite The main result of this paper is contained in the following theorem. The piecewise Hermite quar.tic P, of Definition 1, is defined completely by the parameters which determine the cubic spline s. Thus, under the conditions of Theorem 1, P can be used with very little additional computational effort to produce, at any point Xε[a,b], more accurate approximations to y and its derivatives than those obtained from s. Similarly, it can be shown that,
where α 2 = (3 ± 3 ) /6, and
This completes the proof of the first part of the theorem. 5) , the polynomials p. in (2.7) can be written in the form
The results (2.18)-(2.20) then follow from the derivatives of (2.23), by direct substitution.
Numerical Results and Discussion
Let s be the cubic spline with knots x i = 0.05i ; i=0, 1, ……20, (3.1) which interpolates the function y(x) =exp(x) , at the knots and satisfies the end conditions (1.12), i.e. (2) (x i .). In Table 1 we list values of e We note that the spline s considered above is an E(3) cubic spline.
By the definition of Behforooz and Papamichael [3] , an E(α) cubic spline is an interpolatory cubic spline with equally spaced knots (1.1) and end
For any a in the domain defined by α < 11/3 and α > 19/5, an E (α) cubic spline exists uniquely and, for yεC 5 [a,b], it satisfies (1.6). However, the approximation of the first derivative at the knots is, in general, 0 (h  3 ) and only the value a -3 yields an E(α) spline for which (1.7) holds; see [3] .
We also note that, for y∈C 5 [a,b] , the interpolatory cubic spline with equally spaced knots (1.1) and end conditions
gives m i =y i (1) + 0(h 3 ) ; i=0,l,...,k.
However, it has been shown by Kershaw [7] that if h < 1 and k is sufficiently large then there exists an integer p, where
By direct application of the technique of [7] , results similar to Table 2 we present the values of the errors (3.2) and (3.3) computed, by using these P and s, at various points of [ 0,1 ].
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